Density-matrix renormalization-group methods are used to investigate the quantum phase transitions in a Hubbard chain with an alternating on-site energy ⌬ at half filling. Our results support the existence of a bond-order wave phase, which separates the band insulator from the Mott insulator even in the absence of electron-phonon coupling. The critical points are determined accurately at fixed staggered potentials. Our results indicate a slightly smaller size of the bond-order wave phase than that of previous results. DOI: 10.1103/PhysRevB.67.205109 PACS number͑s͒: 71.30.ϩh, 71.10.Fd, 71.10.Pm Electronic correlation in solids has been an enduring topic over the years, with research including high-temperature superconducting copper oxides, heavy fermion systems, colossal magnetoresistance manganites, and quasi-onedimensional materials. In one-dimensional ͑1D͒ electron systems, due to the charge-spin separation, the low-energy excitations in the charge and the spin sectors may have gaps independently, resulting in the existence of various phases. Recently much effort has been devoted to the understanding of the ground-state phase diagram of the Hubbard model with an alternating on-site energy at half filling.
Electronic correlation in solids has been an enduring topic over the years, with research including high-temperature superconducting copper oxides, heavy fermion systems, colossal magnetoresistance manganites, and quasi-onedimensional materials. In one-dimensional ͑1D͒ electron systems, due to the charge-spin separation, the low-energy excitations in the charge and the spin sectors may have gaps independently, resulting in the existence of various phases. Recently much effort has been devoted to the understanding of the ground-state phase diagram of the Hubbard model with an alternating on-site energy at half filling.
1-10 The socalled ionic Hubbard model ͑IHM͒, originally proposed for the displacive-type ferroelectric transition in ferroelectric perovskites [11] [12] [13] and the neutral-ionic transition in organic mixed-stack donor-acceptor crystals, 14 -16 is defined as follows:
where n l is the number operator at site l and B l,lϩ1 is the bond-charge-density operator defined as
The most interesting feature of this model is the existence of a bond-order wave ͑BOW͒ phase between the band insulating ͑BI͒ phase and the Mott insulating ͑MI͒ phase. Recently, the existence of a long-range BOW phase has been actively studied in the context of the one-dimensional extended Hubbard model by several groups. [17] [18] [19] [20] The BOW phase separates the charge-density wave ͑CDW͒ phase from the spindensity wave ͑SDW͒ for small to intermediate values of the on-site and nearest-neighbor Coulomb repulsions.
With regard to the IHM, at Uϭ0, it describes a band insulator characterized by a CDW with a spectral gap for all excitations. At ⌬ϭ0 it is a Mott insulator with a finite charge gap but its spin excitation is gapless, characterized by the 1/r-decay SDW. On the other hand, at the strong-coupling limit Uӷ(t,⌬), one can map the model ͑1͒ into an effective Heisenberg model by projecting out all doubly occupied sites, where the exchange coupling is 4t
2 ). The resulting Heisenberg chain is well known to possess a gapless spin excitation spectrum. For the case of tϭ0 the model becomes a classic one, which has a first-order phase transition at Uϭ2⌬. Both the charge and the spin gaps are finite and equal in the region UϽ2⌬. When UϾ2⌬ the charge gap remains finite while the spin gap vanishes. At Uϭ2⌬, where the transition takes place, both the charge and the spin gaps vanish. The interesting issue is what happens to all the excitations when U,⌬, and t are of the same order.
There are many studies on the IHM. At a fixed value of ⌬ with increasing U, a transition from the BI ͑CDW͒ phase to the MI ͑SDW͒ phase was reported by exact diagonalization studies 8, 10 and mean-field calculation combined with a realspace renomalization-group method, 21 respectively. The transition point was characterized as a metallic point with divergent localization length of the ground-state wave function. 9 Furthermore, a spontaneously dimerized insulating phase ͑also called the BOW phase͒ intervening between the BI and the MI phases was proposed by a field-theoretical approach. 1 However, since the field-theory approach is usually only valid at the weak-coupling limit, the boundary of the BOW phase remains unknown. Recently, two density-matrix renormalization-group ͑DMRG͒ calculations 3,4 on the spin and the charge excitations of the IHM came to different conclusions with regard to the nature of the phase transition from BI to BOW and BOW to MI. Due to the complicated finite-size effects 3 on energy gaps and order parameters, both of these DMRG investigations could not yield convincing results. A recent quantum Monte Carlo 5 study and a combination of a bosonization and DMRG investigation 6 showed that there is no transition from the BOW phase to the MI phase. In addition, the phase diagram, determined quantitatively by combining the methods of topological transition valid in the strong-coupling limit (t→0) and crossing excitation levels based on the weak-coupling approach 2 (U,⌬ Ӷt), has not been confirmed yet. Thus further investigation of the IHM is necessary in order to clarify these conflicting results.
In this paper, we apply the DMRG method 22, 23 to study quantum phase transitions in the 1D half-filling IHM. The DMRG method allows us to probe directly the SDW, CDW, and BOW correlation functions and structure factors in the ground state of lattices with more than one hundred sites. Since the size dependencies of correlation functions and structure factors which have never been calculated in previous DMRG investigations 3, 4, 6 are much simpler 24 than that of energy gaps and order parameters, we are able to give direct and unambiguous evidence on the existence of the spontaneous BOW phase proposed by Fabrizio et al.
1 in the absence of an electron-phonon ͑e-p͒ interaction. Moreover, we determine the phase boundaries of the BOW state quantitatively.
In order to access the transition scenario in the long chainlength limit, we have performed calculations on chains up to Lϭ128 with open boundary conditions using the finite-size version of the DMRG algorithm. The largest number of states ͑m͒ kept in the calculation was 200. The hopping integral t is set to 1 as the energy unit. The quantities with which we are concerned in our paper have been carefully compared with a much larger system (Lϭ256,mϭ400 and Lϭ512,mϭ512) for several parameters in different phases. The results are the same within numerical error. The inset of Fig. 1͑b͒ is one such comparison. Other sizes of chains that we used were 64, 96, and 112. Detailed comparisons with the exact results at ⌬ϭ0 and the convergence test as functions of chain length and number of states kept are the same as those of our previous work. 25, 26 Furthermore, we also compared our DMRG results with the exact results at ⌬ 0. Since the gaps are opened, the accuracies of all the quantities involved are much higher than that of the ⌬ϭ0, Uϭ0 case. So the numerical error in our work is safely estimated to be smaller than 10 Ϫ4 . The most direct evidence for a long-range BOW state comes from the staggered BOW correlation function
where B ϭ1/L ͚ l ͗B l,lϩ1 ͘. As is well known, for an uniform system, the bond charge ͗B l,lϩ1 ͘ is uniformly distributed along the chain, and a rapid decrease in the BOW correlation function ͑3͒ is expected, that is, the BOW order is short ranged. However, for a dimerized system, the bond charge 1 From the field-theory approach, it was concluded that there are two continuous transitions: the spin transition of the KosterlitzThouless ͑KT͒ type at UϭU c2 and the charge transition at UϭU c1 ϽU c2 predicted to be in the Ising universality class. In the intermediate region, U c1 ϽUϽU c2 , the system belongs to a spontaneous BOW phase. From Fig. 1 we see three different behaviors of the staggered BOW correlation function: First, it shows exponential decay for UϽU c1 , indicating no BOW order; second, it converges to a nonzero constant, indicating that the system is in a BOW phase between U c1 and U c2 ; third, it decays as 1/r for UϾU c2 , indicating that another phase transition occurs.
In addition to further proving the existence of the BOW phase, we have studied in detail the nature of the continuous BI-BOW and BOW-MI transitions by calculating the static structure factors corresponding to different phases. The first structure factor studied is Away from this phase boundary, this quantity falls off exponentially. Near the phase boundary, it falls off either algebraically or exponentially depending on the distance r. Thus the staggered static structure factor S BOW () is expected to diverge with increasing system size on the phase boundary since the critical exponent is less than 1. For a finite-size system, the staggered static structure factor S BOW () is expected to reach a maximum at critical points. Figure 2͑a͒ shows the results of the staggered static structure factor S BOW () for different system sizes with ⌬/tϭ0.5714 and 2.0ϽU/tϽ4.0. The S BOW () peaks twice for all the different system sizes we calculated, which indicate there exist two phase transitions. From the inset of Fig. 1͑b͒ we know the correction functions are saturated for the system size L ϭ128. So we can obtain the critical points directly from the results of the finite chain-length Lϭ128 system. In fact, we also tested several sets of data with the chain length L ϭ256. The peak is located around U/tϭ2.69. However, in order to give more convincing results, we still performed a finite-size analysis. From Eq. ͑5͒, the finite-size scaling of the staggered static structure factor S BOW ()ϳL 1Ϫ can be obtained at the critical point. Figure 2͑b͒ presents plots of ln͓S BOW ()͔ vs ln͓L͔ for ⌬/tϭ0.5714 and three different values of U/t around the first critical point. The data points for U/tϭ2.69 indeed fall almost on straight lines, indicating critical scaling for BOW fluctuations. Near the critical points U/tϭ2.60 and 2.80, the data points fall nonlinearly due to the exponential-decay term. Carefully combining the finitesize analysis and the results of the finite-size system L ϭ128, we give the critical points as U c1 /tϭ2.05Ϯ0.01, 2.69Ϯ0.01, 3.55Ϯ0.01, and 5.55Ϯ0.01 for ⌬/tϭ0.3, 0.5714, 1.0, and 2.0, respectively. To determine the nature of the first phase transition, we use the same finite-size analysis for the staggered static structure factor S CDW (). The CDW structure factor is defined as
iqr ͑͗n l n lϩr ͘Ϫ͗n l ͗͘n lϩr ͒͘.
͑6͒
In Fig. 3͑a͒ the linear behavior around U/tϭ2.69 confirms the vanishing of the charge gap at the first transition point. Next we determine the transition points U c2 . The MI-BOW transition is marked by the opening of a spin gap in the electronic energy spectrum. As argued by Fabrizio et al., 1 this is a quantum phase transition of the KT type, so the gap opens exponentially slowly. This makes it difficult to determine the phase boundary directly from the staggered static structure factors S SDW () due to the finite-size effects in numerical data. Fortunately, the system sizes we studied in this work are large enough for the staggered static structure factors S BOW () to show divergent behavior with increasing system size and reach a maximum at the phase boundary of MI-BOW. Although the peaks are not too sharp, the finitesize corrections to its location are small. Using the same finite-size analysis as the one used to determine the first transition point, the second transition points can be estimated to be U c2 /tϭ2.4Ϯ0.01 function to a spin-gapless state characterized by a 1/r-decay SDW correlation function. The definition of the staggered SDW correlation function is
where s l z ϭ(n l↑ Ϫn l↓ )/2. These results are slightly different from those of previous studies. The BOW state has a constant width ϳ0.4t at ⌬/t у1, which is smaller than that predicted by Torio et al. 2 We believe that the difference is due to nonasymptotic finite-size effects in the exact diagonalization calculation which uses system sizes only up to Nϭ16. The width of the BOW state increases slightly at ⌬/tϭ0.5714 and decreases at ⌬/t ϭ0.3. At ⌬/tϭ0 the BOW state vanishes.
In conclusion, we have studied the 1D IHM at half filling using the DMRG method. We confirmed the existence of a spontaneous BOW phase in the 1D IHM even in the absence of an e-p coupling and determined its boundaries accurately for a few points. Our results indicate a slightly smaller size of the BOW phase than given by the level crossing method.
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